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THE GLASS TRANSITION IN A SIMPLE 
MODEL GLASS NUMERICAL SIMULATIONS 
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E .  Bataillon. Case 069, 34095 Montpellier. France 

(Received October1996; Accepted November 1996) 

In order to improve our understanding of the glass transition we performed constant-energy 
molecular dynamics simulations on a soft-sphere system quenched from the liquid state to zero 
temperature. The temperature dependence of static (radial pair distribution function) and 
dynamic quantities (selfdiffusion constant) has been investigated together with the temperature 
evolution of relevant structural properties deduced from the Delaunay-Voronoi tesscllation of 
these samples. This study permits to shed new light on the structural freezing below the glass 
transition temperature and the evolution of the local structure through the transition. 

Keywords: Glass transition; soft-spheres; Delaunay-Voronoi tessellation 

I. INTRODUCTION 

Even though the glass transition is well defined and represents “a general 
phenomenon observed when a liquid is cooled beyond it’s freezing temperature 
and does not crystallize” [l] its understanding still represents a scientific chal- 
lenge. Together with experimental studies emphasis has been put on the theor- 
etical study of this transition with basically two ways of tackling the problem: 
on the one hand the use of realistic interatomic potentials to reproduce the 
experimental results as closely as possible [2], on the other hand the use of 
simplified interactions to extract the general behavior of a system when it 
undergoes the glass transition [3]. Our work finds its place in the second 
approach since we use an inverse sixth power potential defined by h r d  and 
Schober [4] to reproduce a model glass. We have chosen thu potential rather 
than the commonly used Lennard-Jones interaction to avoid the crystallization 
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4 P. JUND t r  a/. 

effects which have been reported in earlier studies [S]. This choice can be 
discussed because of the purely repulsive character of this potential but it  
has been proven to be well suitcd to describe the vibrational spectrum of 
glasses at low temperatures [6]. The scope of this review is to present both 
standard results (obtaincd previously with the same potential) as well as 
original findings to give a comprehensive picture of part of ou r  theoretical 
work on the glass transition. 

All the results will be presented for an assembly of 10oO soft-spheres since 
no noticeable size effects have been detected. One of the major differences 
with previous work done with this potential is the way we prepared our 
glass samples which will be the topic of the following section together with 
computational details. Results regarding the pair distribution function and 
the self-diffusion constant will be given in Section 111. We discuss the struc- 
tural characteristics of the glass samples in Section IV. In Section V, wc 
present our conclusions. 

11. METHOD 

We performed molecular dynamics simulations for systems of soft spheres 
interacting via the inverse sixth power potential defined by Laird and 
Schober [4]: 

To simplify the simulations the potential was cut off at r/a = 3.0 and A and 
B were chosen so that the potential and the force are zero at the cut off. Our 
simulations used N = lo00 atoms in a rigid cubic box of edge length L, with 
periodic boundary conditions (PBC) at a density such that ( N/L3)a3 = 1. In 
order to give some physical meaning to the simulations and to be able to 
give the temperatures in Kelvin we have chosen a = 3.405 8, and E = 0.0103 
eV, which are the Lennard-Jones values of Argon [7] (of course we do not 
pretend to simulate real Argon!). Similarly we took the atomic mass of 
Argon (m = 40 amu) and consequently we used a time step Ar = 0.004~ = 

ps to integrate the equations of motion using the fourth order Runge- 
Kutta algorithm (T = (mn2/K)li2 is the standard Lennard-Jones unit of time). 

The glass configurations were obtained by quenching a well equilibrated 
initial liquid sample obtained by melting a simple cubic crystal at a tem- 
perature of about 50 K, well above the melting tcmperaturc which is about 
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THE GLASS TRANSITION 5 

23 K at this density [S]. After full equilibration of the liquid the system was 
cooled down to zero temperature at a quench rate of 10” K/s which was 
obtained by removing A E  = 8.6 lO-’eV from the total energy of the system 
at each iteration. 

At several temperatures during the quenching process the configurations 
(positions and velocities) were saved. Each configuration was used to start a 
constant-energy molecular dynamics calculation during which the tempera- 
ture was recorded as a function of time. In all cases, we have observed a 
relaxation process typical of such a system [ 9 ]  during which a slight in- 
crease of the temperature was observed before a saturation regime was 
taking place. As shown in Figure 1, we found that typically 10000 iterations 
(i.e. 100 ps) were enough to insure a well defined constant temperature for 
each sample. After these 10000 relaxation steps we have started to calculate 
all the physical quantities reported below which have been monitored dur- 
ing 20000 additional steps. It is worth mentioning that during the total run 
time of 30000 steps (= 300 ps) we have never observed, in all our 1000- 
particles samples, any anomalous increase of the temperature associated 
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FIGURE 1 Time evaluatio fo the temperature during the quenchign process at 50 K (red), 
40 K (orango), 30 K (green), 20 K (light blue, 10 K (purple) and 0 K (deep blue) (See Color 
Plate). 
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6 P. JUND er al. 

with crystal nucleation [S]. This quenching technique and the fact that 
configurations were saved all along enable us to study the characteristics of 
our system as a function of temperature contrarily to what has been done 
before. This study of relevant physical quantities versus the temperature will 
be presented in the following sections. 

111. STANDARD RESULTS 

The aim of our study is to detect the glass transition in a model system 
through the change of behavior of well chosen physical quantities. There- 
fore we studied both the static and the dynamic properties of the system 
defined earlier. 

A. Static Properties 

Since an important amount of structural information is contained in the Pair 
Distribution Function (PDF) g(r) (obtained experimentally from radiation 
diffraction techniques [lo]) we calculated the average g(r)  as a function of 
temperature (it should be noted that this quantity is very accurately deter- 
mined, the error being less than 0.50/,). As an example the PDFs as a function 
of system temperature are represented in Figure 2a as well as their Fourier 
transforms corresponding to the structure factor S(q) in Figure 2b. As ex- 
pected at low temperature (T<  5 K) the second peak splits, indicating an 
amorphous atomic packing [ll]. Nevertheless S(q) presents a sharp maxi- 
mum at q,az7.5. The apparent and unphysical shrinking of the nearest 
neighbor distances with increasing temperature is simply an artifact due to 
the purely repulsive character of our potential. Following the earlier work of 
Wendt er al. [12] we reproduce in Figure 2c the ratio R = g, Jg,,,, where y,, 
and gfin are the magnitudes of the first maximum and first minimum of the 
PDF, as a function of temperature. These authors argued that two linear 
branches corresponding to the liquid and amorphous states are present in the 
function R =f( T), their intersection defining the glass transition temperature 
5. As shown in Figure 2c this clear distinction between the liquid and glassy 
states is not visible in our simulations. Moreover we found no size effect in 
the determination of R indicating that this quantity is probably not a good 
and reliable criterion to define the glass transition temperature. Nevertheless 
a small bump is visible in the curve R =f( T) around T, (T, z 10.3 K for our 
system [13] but it is worth mentioning that this bump exists only if one lets 
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FIGURE 2 
a) Pair distribution function 
b) Structure factor 
c) Empirical criterion R = gm~n/gmax versus temperature 
d) Self diffusion constant D as a function of temperature (See Color Plate). 

Standard quantities: (same color code as in Fig. 1 

the system relax long enough (more than 5000 time steps). To get a better 
estimate of T, we calculated the self diffusion constant which is supposed to 
be a good indicator of the glass transition. 
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8 P. JUND cr al. 

B. Dynamic Properties 

An estimate of the glass transition temperature was obtained by calculating 
the diffusion constant D as a function of temperature using the relation 

1 D = lim -( Ir'(0) - 
1-r 6t 

where F ( t )  is the time dependent position vcctor of a particle and (...) 
denotes a configurational average. 

As shown in Figure 2d, D follows the relation D = C( T- T,) for T 2 12 K 
and tends to zero for T < 10 K (even when taking into account the relative 
error shown in the figure). The extrapolated value of T,( z 10.5 K) can be 
taken as a lower limit for the glass transition temperature, since below 
diffusive motion tends to be frozen out. This value of T,  is consistent with 
previous results and permits us to be confident in the generation of our glass 
samples which will be used in more original studies. 

IV. STRUCTURAL PROPERTIES OF GLASSES 

This section is dedicated to the results obtained in recent work whch has been 
undertaken to tackle the difficult problem of the structure evolution through the 
glass transition [14]. To study this transition at a local level we combined the 
molecular dynamics scheme described in Section I and the so-called "Voronoi- 
Belaunay tessellation" which has been originally introduced to analyze random 
close. paclungs of spheres [15-17. The Voronoi cell is the extension of the 
Wiener-Seitz cell for a disordered structure: it is defined as the ensemble of points 
closer to a given atom than to any other and it is characteristic of the local 
environment around this atom. The first step in the tessellation process is to 
determine the Delaunay tetrahedral simplicia1 cells for a given configuration. 
These cells are among all the tetrahedra formed with four atomic centers the 
ones such that no other atomic center lies inside their circumscribed spheres. 
This part is the most computer time demanding but our algorithm whch takes 
care of the PBC is efficient enough to be included inside the molecular dynamics 
code. As an input one has to provide a cut-off distance which is supposed to be 
larger than the longest edge of all the simplicial tetrahedra. If this is not the case, 
the basic requirement, namely that the sum of the volumes of all the simplicia1 
tetrahedra is equal to the volume of the simulation box, is not fulfilled and the 
algorithm has to be ran again with a new and larger cut-off. Once the simplicial 
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THE GLASS TRANSITION 9 

tetrahedra are obtained, the Voronoi cell of a given atom is determined know- 
ing that its vertices are the centers of the circumspherical spheres of all the 
simplicia1 tetrahedra sharing this atom. We have checked that the cell vertices 
have always three edges in common, as expected in random structures. This 
leads to relations between the total number of edges 3, the total number of 
vertices Vand the total number of faces F which have all been verified by our 
numerical results. For example 2E = 3Vor with the help of the Euler formula 
(V- E + F = 2 [18,19]), F = 2 + v2 = 2 + E/3.  Another formula, (F) = 12/ 
(6 - (e)), has been verified. It relates the mean number of faces ( F ) ,  also called 
coordination number z, to the mean number of edges per face ( e )  [19]. Not 
only V;E and F and their mean over the N atoms have been calculated but 
also, the volume u of each cell, its total area s, as well as their statistical 
distributions over the N atoms. Since all the Voronoi cell statistics were found 
to be time independent after the relaxation period of loOD0 time steps, the 
mean quantities were also averaged over different time intervals. 

In Figure 3 we show the temperature variation of the coordination 
number z = ( F )  calculated on the instantaneous positions, which can be 

15.5 

15.0 

N 

14.5 

14.0 

t I 
13.5 4 1 

0.0 10.0 20.0 40.0 50.0 
T[K] 30'0 

FIGURE 3 Coordination number z = ( F )  as a function of temperature 0: instantaneour 
position; *: mean position after loo00 iterations: *: mean positions after 2oooO iterations (the 
dashed line indicates z for a random packing). 
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10 P. JUND er 01. 

identified as a measure of the intensity of disorder [18, 191. For an ideal 
icosahedral structure with dodecahedra1 Voronoi cells, one should find the 
minimum value z = 12, but it is known that such a value cannot be realized 
in our standard three-dimensional space, due to the geometrical frustration 
of the five fold symmetry [la, 191. Thereforc here we find a value close to 14 
at zero temperature, typical of quite a large disorder. The coordination 
number is increasing with temperature, as a consequence of thermally in- 
duced disorder and only a change of slope is observed when crossing T,. To 
characterize better the glass transition we have also performed the Voronoi 
tessellation on the acerayed positions of the atoms obtained after either 
loo00 or 2oooO iterations after the initial relaxation period. For T <  T,  these 
z ( T )  curves are nicely almost superimposed with the preceding ones, be- 
cause the atoms are all vibrating around their fixed mean positions. On the 
contrary, for T > T,, the curves corresponding to the averaged positions are 
strongly different from the ones corresponding to the instantaneous posi- 
tions. This is a manifestation of the absence of long range correlations in the 
liquid phase due to atomic diffusion. As a comparison, we have depicted by 
the dashed horizontal line what would be the value of the coordination 
number for a perfect disorder, i.e. for the same number of points randomly 
packed inside the simulation box. These results indicate that for an infinite 
amount of simulation time the curve z (  T) corresponding to the averaged 
positions would be a perfect step function located at T,. 

IR Figures 4 and 5, we report on the cell-volume-and cell-surface distribu- 
tion functions (in reduced units II = 1) h,. and h,, respectively, defined such 
that h,.(c)dc is the fraction of cells having a volume lying between u and 
t' + dc and similarly for h,(s). With decreasing temperature, the distribution 
h, becomes more and more peaked around the mean atomic volume, which 
is here precisely equal to 1, due to our particular choice of the density. A 
quantity of' physical interest (shown in the inset of Fig.4) is the standard 
deviation 0,. of this distribution since it measures the amplitude of the local 
density fluctuations. While a, is varying like f i  in the liquid phase, as is 
expected for classical thermally activated density fluctuations, this variation 
is slower in the glass phase, and, as Tvanishes, 6,. tends to a non-zero value, 
characteristic of spatial disorder. Such a low temperature saturation of the 
density fluctuations is a signature of the glass transition [lo, 201. The same 
qualitative behavior is found for h,, except that, now the mean surface (s) 
(close to the location of the maximum) is slowly varying with temperature. 
This variation is shown in the inset of Figure 5 .  For comparison, the surface 
s, of the regular dodecahedron of volume 1 is indicated by the full square. 
The data can be interpreted as if, when decreasing the temperature from the 
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THE GLASS TRANSITION 11 

15.0 

10.0 

r’ 

5.0 

V 

FIGURE 4 Cell volume distribution function: 
Solid line 0.3 K; dotted line 9 K, dashed line: 14.5 K, dot-dashed line: 29.7 K. 
Inset: Standard deviation 6, as a function of temperature (the dashed line indicates a T1” 
behaviour). 

liquid phase, the mean surface would try to reach the one of the dodecahed- 
ron, but, since it is impossible to fill the space with dodecahedra only, a 
glass transition takes place and below Tg  the mean surface saturates to- 
wards a value higher than s,, as Tgoes to zero. 

We decided to analyze more precisely the deviations of the shell shapes 
from a regular dodechahedron. Therefore we calculated the fractions fe7s of 
cell faces having a given number e of edges (e 2 3). Only the quantitiesf,,f, 
and f6 have been reported as a function of temperature in Figure 6,  the 
other contributions being very small. In the geometrical approach [18, 191, 
a non-pentagonal face corresponds to a “defect” (compared to perfect 
icosahedral order) and the corresponding face encircles a segment of “dis- 
clination line”. Consequently it is interesting to note that the proportion of 
pentagons is larger than the one (~41.4% [Zl]) of the most compact 
random packing of hard spheres (Bernal’s packing [15]) as if the presence of 
a soft potential favors five fold order. On the other hand the large number 
of negative (e > 5)  disclination lines is due to the lack of curvature of the 
regular three dimensional space (one needs a little more than five regular 
tetrahedra to fill the space around a common edge). 
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S 

FIGURE 5 Cell surface distribution function: 
Solid line 0.3 K; dotted line 9 K; dashed line: 14.5 K; dotdashed line: 29.7 K.  
Inset: mean surface ( 5 )  as a function of temperature (the full square indicates the surfacc of a 
perfect dodecabedron of volume I ;  the dashed line is a guide to the eye). 

In the liquid phase the fe's are smoothly and monotonically varying with 
temperature, converging very slowly towards the values obtained for a 
random packing (indicated by the arrows) which would be reached for very 
large temperatures. Around the glass transition temperature a large discon- 
tinuity occurs,fs dropping sharply whilef, andf, increase drastically. Upon 
further cooling this trend is reversed and the system recovers it's 
dodecahedra1 ordering, fs approaching finally 45% when T goes to zero. 
The origin of this discontinuity remains for now uncertain: is it an intrinsic 
signature of the glass transition or is it due to crystallization effects which 
were not noticeable in other physical quantities ? The fact is that the usual 
signatures of crystallization (sudden increase of the temperature, sharp 
peaks in the pair distribution function or the structure factor) do not indi- 
cate even a partial crystallization of our systems. Therefore if crystallization 
does indeed occur it would mean that thef,'s are very sensitive indicators 
for this phenomenon. 

If this discontinuity is intrinsic to the glass transition it would mean that 
the competition between local and long range correlations would be one of 
the causes of the transition. The loss of long range correlations in the liquid 
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FIGURE 6 Fraction f, of cell faces having a given number e of edges as a functio of 
temperature: 0: e = 4 @: e = 5; 0: e = 6 (the arrows indicate theh’s for a random packing). 

phase (simply due to atomic diffusion) would then be compensated by an 
increase of the local order (shown by the increase of pentagonal faces), the 
transition occurring when a given rate of disorder is reached in the system. 

To test which explanation is correct, one has to look in closer detail at 
the structures for whichf, is very small. Moreover, even if 300ps represents 
a tremendous amount of simulation time, it might be necessary to go fur- 
ther and monitor the evolution of thef,’s as a function of time. This is what 
we intend to do in the near future. 

V. CONCLUSIONS 

We have presented and discussed the results of a detailed molecular dy- 
namics investigation of the glass transition in a model system. Our aim was 
first to confront our results with previous studies done with the same poten- 
tial on glassy systems. In Section I1 we showed that, concerning the “stan- 
dard” quantities such as the pair distribution function, the structure factor 
or the diffusion constant our results are in perfect agreement with the work 
already done. 
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In a second step we have combined molecular dynamics and geometrical 
analysis. The Voronoi tessellation of a 1000-particle system during the 
simulation has permitted to get a better insight on the evolution of the locul 
structure during the glass transition. Our results on the volume and the 
surface of the Voronoi cells have shown that the transition is reflected in a 
gel of local density fluctuations below 5. Upon cooling of the liquid phase 
the system behaves as if it would like to reach the perfect dodecahedron 
arrangement. In agreement with a recent theory [22], the glass transition 
would then occur because the three dimensional space cannot be filled with 
perfect dodecahedra only. 

Moreover a closer analysis of the shape of the Voronoi cells (namely the 
number of edges of a given face) as a function of temperature has shown a 
discontinuity around T,. This quantity appears as a very good tool to 
investigate precisely the local structure of disordered systems. Nevertheless 
further investigations are currently under way to see if this discontinuity is 
an intrinsic signature of the glass transition or if a “hidden” crystallization 
has taken place in our samples, even though no evidence of that kind of 
behavior has been found in the usual physical quantities. 
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